QMUL-PH-09-24 



M5 spikes and operators 
in the HVZ membrane theory 



D. Rodriguez-Gomez 

Queen Mary, U. of London 
Mile End Road 
London, El 4NS 
U.K. 

D . Rodriguez-GomezOqmul .ac.uk 



ABSTRACT 

In this note we study some aspects of the so-called dual ABJM theory introduced by 
Hanany, Vegh & Zaffaroni. We analyze the spectrum of chiral operators, and compare it 
with the spectrum of functions on the mesonic moduli space M = C 2 x C 2 /Z k , finding 
expected agreement for the coherent branch. A somewhat mysterious extra branch of 
dimension iV 2 opens up at the orbifold fixed point. We also study BPS solutions which 
represent M2/M5 intersections. The mesonic moduli space suggests that there should be 
two versions of this spike: one where the M5 lives in the orbifolded C 2 and another where 
it lives in the unorbifolded one. While expectedly the first class turns out to be like the 
ABJM spike, the latter class looks like a collection of stacks of M5 branes with fuzzy S* 3 
profiles. This shows hints of the appearance of the global SO (4) at the non-abelian level 
which is otherwise not present in the bosonic potential. We also study the matching of 
SUGRA modes with operators in the coherent branch of the moduli space. As a byproduct, 
we present some formulae for the laplacian in conical CY4 of the form C n x CY^ n . 



1 Introduction 



Big progress has been made towards understanding three-dimensional SCFTs and their 
gravitational AdS^ duals. The pioneering works of Bagger and Lambert [1] and Gustavsson 
[2] culminated with the celebrated theory discovered by Aharony, Bergman, Jafferis and 
Maldacena (henceforth ABJM) [3]. The key ingredient to these constructions is a Chern- 
Simons kinetic term for the gauge fields. This had been anticipated by Schwarz in j3] on the 
basis that, while the 3d Yang-Mills coupling is dimensionful, a classically marginal Chern- 
Simons kinetic term can be constructed, thus being the natural candidate for a conformal 
theory. Ever since, a lot of progress has been made towards a better understanding of the 
AdSi/CFT 3 duality. 

Following ABJM, the 3d SCFT's dual to AdS^ backgrounds are Chern-Simons-matter 
theories. Generically, they have g gauge groups of equal rankQ each one equipped with a 
CS kinetic term whose CS level is fcj. In order to have a four-dimensional complex moduli 
space, we should require the sum of the ki to vanish. It turns out that the role of the 
CS level is far from trivial. In particular, it imposes discrete identifications leading to an 
orbifold-type moduli space; and it is only for the smallest possible value of the fc's that 
the moduli space is the unorbifolded version. For example, in the ABJM case, the moduli 
space is C 4 /Z^, where the orbifold acts "diagonal" on the C 4 . For generic k this orbifold 
preserves Af = 6 SUSY. It is only for k = 1,2 that the SUSY is enhanced to Af = 8, as 
so does the R-symmetry to SO (8). This symmetry enhancement is a quantum- mechanical 
phenomenon due to monopole operators which can be used to construct chiral primaries 
furnishing SO (8) representations. The lesson is then that the explicit symmetry of the 
theory is that of the generic k case. Another interesting example is the theory dual to M2 
branes probing C(Q 1U ). While the global symmetry of that CY^ is S77(2) 3 , the proposed 
dual theory [6j |7j only exhibits an explicit SU(2). ^ The reason is that the theory, for 
generic CS levels, describes an orbifold of C(Q 1U ) which does only preserve precisely one 
SU (2). In retrospective, this lack of explicit symmetry was crucial with respect to previous 
attempts [T2J to find the dual theory to M2 branes moving on C(Q 111 ). Similar comments 
hold for M 3,2 [131 EJ- 
Soon after the ABJM theory was discovered, another candidate describing, at k = 1, 
branes in flat space was found by Hanany, Vegh and Zaffaroni (henceforth HVZ) |14J . At 
generic CS levels k, this theory has a mesonic moduli space C 2 x which should preserve 
A" = 4 SUSY. At the same time it has a classically marginal superpotential. Since, as 
described in [15J, A" > 3 SUSY requires non-trivial relations between the superpotential 
coupling constant and the (trivially renormalized) CS level, this would automatically imply 
that the HVZ theory is conformal at the quantum level. This is a strong statement, since 

Unequal ranks have been also discussed (e.g. [S]). However, we focus on the minimal case where no 
fractional branes are present, such that all the ranks have equal (and large) rank. 

2 There have been other proposals in the literature, such as [5]. A classification of quivers containing 
a survey of the possibilities can be found in [§\. Very recently other candidates involving fundamental 
matter have been proposed in |10| lllj . 
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in 3d, where there is no analogue of a-maximizatior|^J it is quite non-trivial to ensure the 
existence of a conformal fixed point in a theory with SUSY less than M = 3. 

In [3] and [IB] it was shown how the component lagrangian of the ABJM theory re- 
arranges itself such that a global SU(4) ~ 5*0(6) symmetry, not naively present in the 
M = 2 superspace formulation, actually appears. Since this symmetry does not commute 
with SUSY, it is an R-symmetry. Therefore, being 50(6) the R-symmetry, this automat- 
ically implies that the ABJM theory does indeed preserve M = 6 SUSY. Following that 
example, one would expect that the HVZ theory, written in components, enjoys an 50(4) 
R-symmetry corresponding to the desired Af = 4 SUSY. However, it turns out that such 
50(4) is not present in the bosonic potential of the theory. Another (most possibly related) 
issue was found in [19] , where the superconformal index for the HVZ theory was computed 
at large k and shown to match almost but not quite the SUGRA expectations. This raises 
some puzzles which we try to address in this note. 

One particular tool which we will use are some BPS solutions. One of the seeds for the 
"M2 minirevolution" was the M2-M5 intersection studied by Harvey and Basu [20]. First 
in [21] and subsequently in [22J, this intersection was analyzed under the light of ABJM. 
Further developments in [23] and [24] showed that the M5-spike, which has a transverse 5 3 
profile, wraps the 5 1 orbifolded by the large k limit. The 5 3 appears therefore as a Hopf 
fibration of a circle over an 5 2 , such that, in the large k limit, the IIA picture is a D2-D4 
intersection [24]. In the HVZ case, given the form of the abelian moduli space, the situation 
should be richer. On one hand, we expect the possibility of having M5 expanding in the 
C 2 /Zfc part of the geometry which should lead to an 5 3 as a Hopf fibration in very much of 
the spirit as in ABJM. On the other hand, there should be the possibility of M5's growing 
in the C 2 piece, which does not feel the orbifold. This has the interesting consequence 
that this intersection should reduce to a D2-NS5 intersection, that is, the M5 should be 
transverse to the M-theory circle. In turn, the matching of these structures with the BPS 
solutions of HVZ would reassure the fact that it actually describes the desired orbifold; in 
particular showing hints of the appearance of the global 50(4) at the non-abelian level. 

The organization of this note is as follows: in section 2 we review the HVZ theory and 
study explicitly its chiral ring. In section 3 we turn to study some of its BPS solutions 
which should indeed represent the M2-M5 intersections described above. In section 4 we 
study the matching of chiral fields with SUGRA modes, focusing on the short graviton 
multiplet. We also collect formulae which can be useful to study OY4 conical backgrounds 
of the form C n x CY±_ n . We finish with some concluding remarks in section 5. 

2 The dual ABJM 

The dual ABJM theory introduced in JT4] has the quiver 

3 The exact superconformal R-charge should minimize the r coefficients in 2-point functions of global 
currents [TB] . However, lack of powerful tools such as anomaly cancellation has prevented to formulate a 
useful version of r maximization similar to [17] . 
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The superpotential is 

^ = Tr([$i ) $ J ]i5) (1) 

The CS levels are (—k,k), such that they add to zero. We note that being quartic, the 
superpotential is classically marginal, and thus the theory is classically conformal. 

There is a global SU(2) symmetry acting on ($1, $2)- This implies that both $1 and 
$2 have the same R-charge. 

For future convenience, let us review a few details about M = 2 3d theories. On general 
grounds, the bosonic potential reads^] 

V b = Tr ( - 4 h°g D 9 + D ^9 ~ J2^ aX - b ~ X ^ ^ aXab ~ X ^ ~ E \ d ** W \ 2 ) 
9 9 x ab x ab 

(2) 

where the sum over g runs over gauge groups and the sum over X ab runs over all scalars 
going from node a to node b. Furthermore, /i g are the usual moment maps of each group, 
which in this case read 

Hi = BB*- A^A , fi 2 = A^-^B + f*!, $l] + [$ 2 , $2] (3) 

As it is well-known, both the D g and the a g are auxiliary fields which must be integrated 
out, thus rendering the bosonic potential a sum of squares which is manifestly positive 
definite. Integrating out the D g sets 

fig =4 kg Og (4) 

Following by now standard techniques (25J [131 EE], when looking at the mesonic moduli 
space, since all gauge groups are of equal rank, we take our fields, which are square N x N 
matrices, to be diagonal, which generically sets o g = a\/g. F] We stress that this not 
necessarily exhausts the moduli space, since other branches can, and in this case indeed 
will, exist. 

Thus, the geometric branch moduli space we are interested in is the set of configurations 
satisfying the F-flatness conditions subject to the restriction that 

Hg = 4 kg a Mg (5) 

4 The conventions used here differ in the normalization of the CS term as compared with [3] or [18] 
in that the k we are using contains an extra factor of (87T)" 1 , that is kf lere = k^gjM /8ir. This will be 
relevant only in section 4. 

5 The diagonalization procedure is actually more involved as discussed in [57] and generalized to the 3d 
case in [25] . 
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In the case at hand, since we have just two nodes, it happens that fi\ = Since 
k\ = —k 2 , one of the two equations above is actually redundant; while the other is trivially 
satisfied, since it just defines the auxiliary field a. In addition, once we focus on diagonal 
fields, it is clear that the superpotential vanishes. Therefore, the moduli space consists of 
4 complex fields with no other relation. 

However, we still need to take into account the action of the CS level [13J. In this case, 
it turns out that it imposes the following identifications 

(A,B) ~ (e 4 T A,e-^B) (6) 
Thus, the mesonic moduli space is 

C 2 

M = C 2 x — (7) 

where the C 2 is parametrized by the adjoints (which do not pick any phase) and the |£ is 
parametrized by (A, B). 

In view of this mesonic moduli space, one would expect that the global symmetry of 
HVZ is actually 5*0(4) x SU(2), being the SO (A) rotating the C 2 ~ M 4 the R-symmetry. 
At k — 1 the C 4 moduli space would suggest an enhancement to an 5*0(8) global (in fact 
R) symmetry, which would require all the fields to have 1/2 R-charge. At higher k, one C 2 , 
that parametrized by the adjoints, remains unorbifolded. This C 2 ~ 1R 4 should be rotated 
by the S0(4)r. In our Af = 2 formalism notation only an SU(2) subgroup rotating the 
$i is manifest, which is enough to ensure that these two fields have the same R-charge. 
Thus, since at k = 1 the moduli space suggests that all fields have R-charge 1/2, and the 
higher k orbifold does not act on the 577(2) $j doublet, it is natural to conjecture that the 
$j have 1/2 R-charge. Another hint in support of this guess is that, since at the abelian 
level the superpotential vanishes, all the fields appear in a symmetric way, thus suggesting 
equal R-charge 1/2 for all of them. 

2.1 Chiral operators 

The AdS/CFT correspondence requires the spectrum of chiral operators in the gauge the- 
ory to match the KK harmonics in the geometry side. As it happens with the ABJM 
theory, we expect that an important role in such a matching is played by monopole op- 
erators. The study of such operators is well beyond the scope of this paper, and we will 
content ourselves with taking the large k limit, where they will not contribute. Under that 
assumption, the operators we are interested in are gauge-invariants in the usual sense, i.e. 
closed loops in the quiver, modulo F-terms. These read 

F A = B[$ 1} $ 2 ] = 0, F s = [$ U $ 2 ]A = 0, = [$ 2 ,AB] = 0, F* 2 = [AB, <3>i] = 

(8) 



5 



It is clear that the fields A and B can only occur in any gauge-invariant operator 

through the invariant combination A B. Calling AB = M, we have that the most generic 
chiral operator looks like 

a,...,: „ Tr<I>;. ■ ■ ■ M q (9) 

Note that the F-term condition [<3>j, M] = allows to group together powers of M as in 
g. With the R-charge assignation proposed in the previous subsection, we would have 
that these operators have R-charge q + | . 

We now need to discuss the symmetry properties of the {i q } indices. Let us consider first 
the case q ^ 0. The F-terms imply that M $j = M $j and $j $j M = $, $j M. Thus, 
without having to refer to M vanishing or not, the indices of the nearest two neighbors to 
M q are automatically symmetrized. However, since M commutes with $j, we can bring to 
that position any two fields. Thus, we have that the latin indices are symmetrized. 

The case q = 0, not involving M, is more subtle. For generic M, from the equation 
M [<3>j, $j] = 0, we conclude that $j] = 0; thus ensuring the symmetry of the {i q } 
indices. However, at the origin of M, that is, if M has some zero block, things are more 
subtle. Let us gauge-fix M to be diagonal. For generic eigenvalues rrii of M, as described, 
the F-terms allow to symmetrize latin indices. However, if some, say n < N, of the m^s 
vanish, we get n directions where $j] needs not to vanish. More explicitly 



M 



mi 



V 



x t n J 



/ 



V 



\ 



+ 



0x1 



N-n 



Ui 



(10) 

being Ui a generically non-vanishing matrix in the complement of the Cartan subalgebra of 
SU(n). If Ui 0, since [<&j, $j] ^ 0, latin indices would not be symmetrized; and therefore 
we would get extra operators in the full chiral ring as compared to the symmetrized case 
(Ui = 0). Note that the dimension of this codimension 2 extra branch we would get is of 
order iV 2 . These states, living in the orbifold fixed point, might be the ones responsible 
for the index computation mismatch [19J. Indeed a related problem is that, following 
observations in 125] . the structure of the HVZ moduli space does not fit into the 
structure expected for branes probing a singularity, [j From now on we will focus on the 
ring of operators satisfying the F-terms for generic field values, that is Ui — such that 
$j] = 0. This ring is sometimes called the coherent part of the moduli space [29] . 
We could think of it as composed by those operators of the form ([9]), such that we can 
symmetrize latin indices and afterwards take q = 0. 

The chiral ring of operators should match the KK harmonics of M. = C 2 xC 2 /^. This 
orbifold is defined as 



3 We thank D.Berenstein for explanations on this point. 
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M = {(zi,z 2 , z 3} z 4 ) e C / (z 1: z 2 , z 3 , z A ) ~ {z x ,z 2 ,e l k z 3 ,e 1 * « 4 )} (11) 

The equivalence relation of the orbifold forces 23 Z4 to appear together. Let us call that 
monomial m = z 3 z 4 . Then, it is clear that the functions on M. are 

/u-in| 9 = z h ■■■ z in^ q (12) 

which is clearly in one to one correspondence with ([9]). 

Note that in the large k limit we lose one dimension and indeed the coordinate ring 
loosely speaking looks like that of C 3 . We can also see this from the Hilbert series point of 
view. H This object encodes the number of chiral operators in the coherent branch, which 
coincides with the number of holomorphic functions on the variety. For an introduction in 
the context of pure algebraic geometry, the reader might consult e.g. [30]. In the context 
of gauge theories, the Hilbert series is a well-studied object (see e.g [3TJ [32j [29]); which 
has also been considered in the context of 3d SCFTs (see e.g. [UJ I2"B"]). 

The Hilbert series depends on a parameter t, which is to be thought as t = e~ M , such 
that fj, admits an interpretation as a (not necessarily normalized) chemical potential for the 
R-charge. Thus, the coefficients of a given power of t in the expansion of the Hilbert series 
count the number of operators with given R-charge. In the situation at hand, considering 
the U(l) case, one can convince oneself that the Hilbert series for the HVZ theory is 

(1 - t 2k ) 

' ' (13) 



* (l-t 2 )(l-t k ) 2 (l-t) 2 

At the U(l) level one can verify that the number of gauge-invariant operators at generic 
k with respect to the effective D-terms fi g = 4k g a matches the coefficients in the expansion 
of g. In order to give a flavor, let us consider the simplest cases k — 1, 2: 

g k=1 = 1 + 4t+ 10t 2 + ••• ; g k=2 = l + 2t + 6t 2 + ■■■ (14) 

On the other hand, since k g = 0, out of the fi g = 4k g a equations only one of them 
is independent. However, that equation is just the definition of the auxiliary field a, and 
as such is always satisfied. Thus, at the abelian level, the relevant operators to consider 
are made out of the fields with no other restriction apart from the action of the higher k 
orbifold. Thus, at k = 1 we would have the following operators 

{{1}, {$!, $ 2 , A, B}, {$ 2 , $ 2 , $ x $ 2 , A 2 , B 2 , AB, AQt, A$ 2 , B<5> u B<S> 2 } ■ ■ •} (15) 
while at k = 2 we would have 

{{1}, {$!, $ 2 }, {$ 2 , $ 2 , $x $ 2 , A 2 , B 2 , AB}---} (16) 



7 We are grateful to Amihay Hanany for conversations on this point. 
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Thus, we can explicitly see how the number of operators matches each power of t in each 
case. Note that, for finite k, at the non-abelian level, the operators counted would involve 
monopole operators. 

In order to avoid relying on the properties of the monopole operators, we are interested 
in the large k limit. Since t is a complex number such that \t\ < 1, in the large k limit 
t k 0, and thus the Hilbert series coincides with that of weighted C 3 

<7&->-oo~c! iM = (i _ £2) n _ ty (1^) 

The C 3 has the same weight for two out of the three directions, while the third is weighted 
twice as much. This is actually compatible with the R-charge assignation we suggested 
above. In the large k limit, the effective C 3 is spanned by z\ = $i, Z2 = $2 , Tn = A B. As 
discussed, the global SU{2) symmetry ensures that $j have the same R-charge Rq>. Thus, 
in order for the superpotential to have R-charge 2, R m = 2(1 — R§). The Hilbert series 
above requires that R m = 2R$, which leads to = 1/2, as anticipated above. 



3 On the 5*0(4) symmetry 

So far, we have seen that the mesonic moduli space of the HVZ theory contains the orbifold 
C 2 x C 2 /Zfc. Also, the coherent branch of the chiral ring matches the functions on this 
geometry. However, this orbifold preserves M = 4 SUSY, and as such we expect £0(4) 
R-symmetry. Following |3J and [18] we might try to search for such a symmetry in the 
bosonic potential of the theory. However, it is easy to realize that this is not the case. 
After integrating out the D g , the bosonic potential ^ reduces to 

Vb = Tr ( " J2( a " Xab - X ab cr b )(a a X ab - X ab a b y - ^ \d Xab W\ 2 ) (18) 

where 



fig =4 kg <Jg (19) 

with the moment maps given by ([3]), while the F-terms are (|8|. After substituting all 
the ingredients, the bosonic potential will contain terms quadratic and quartic in the 
bifundamentals, as well as terms with no bifundamentals and only adjoints. Let us look at 



those, which can only come from the first term in (18). Indeed, all the terms sextic in the 
adjoints are 

Vb D ~ i¥f Tr ( ^ ^ ] ) (20) 

where repeated indices sum. 

From our previous findings, we know that the SU(2) symmetry which acts on the $j 
fields is part of the global SO '(4) symmetry we are after. Indeed, we would expect that 
upon writing 
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$ 1 = X 1 + iX 2 , <4> 2 = X z + iX A (21) 

the SO (4) would appear as a rotation of the Xj fields. However, after a bit of algebra, one 
can convince oneself that such SO (4) is not present in ( |20| ) . ^ It is natural to conjecture 
that the non-appearance of the SO (4) is connected with the seemingly extra branch in the 
chiral ring at the origin of the orbifold; which in turn seems also naturally connected with 
the index mismatch. 

We can also ask about the fate of the expected SU(2) isometry of the orbifolded C 2 
which should appear as a global symmetry of the dual theory. After some algebra, one can 
convince oneself that such a symmetry is also not present in the full bosonic potential, since 
the structure of terms with adjoints and bifundamentals fails to furnish an £77(2) invariant. 
However, as it will turn out to be useful later on, the sextic terms in the bifundamentals 
alone do indeed admit such an SU(2) action. 

In order to perform yet another test, we now explore a class of solutions of the HVZ 
theory which should exhibit the SO (4) invariance. Recall that the mesonic moduli space 
is C 2 x C 2 /Zfc. If we go to cartesian coordinates, inside the first C 2 factor there is an £ 3 , 
while inside the second factor there is an orbifolded S 3 . Thus, we expect that the spike 
solutions of this theory fall into two classes: those expanding in the S 3 and those expanding 
in the orbifolded S 3 . Interestingly, only the latter class would feel the orbifold. It is 
then natural to expect that this class is analogous to the spike found in [211 E2], which 
has been shown to be a non-commutative version of the Hopf fibering |24j . In turn, the 
first class should correspond to fuzzy £ 3 -like spikes along the lines of [351 ESS El] , which 
should reduce, in the large k limit, to a iV£5 — D2 intersection, as opposed to a D2 — D4 
intersection. It is precisely this £ 3 what is rotated by the 50(4) in which we are interested 
on. 



3.1 BPS solutions in C 2 

Since we are interested on M5 growing in the C 2 not acted by the /c-orbifold, it is natural 
to consider A = B = 0. It is then clear that the bosonic potential reduces to just (20). We 
can now consider configurations where $j = $(<x), being a = x 2 , while all the gauge fields 
are vanishing. After a straightforward manipulation, the action becomes 

S = -J l^±^[[^,$i],^]| 2 T^ / ^([«f,,$!]) 2 (22) 

Thus, as long as 

d a * j ±±[[* i ,9\],9 j ] = (23) 
the action becomes a total derivative and therefore we have a stable BPS solution. 



8 The investigation of the bosonic potential of the HVZ theory leading to these conclusions was initiated 
in collaboration with M.Benna and F.Benini. 
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Let us discuss the consistency of our truncation of the action. Since the bifundamental 
fields should appear always quadratically in the action, it is clear that the ansatz A = B = 
satisfies their equations of motion. Furthermore, we have to make sure that Gauss law for 
the gauge fields is satisfied. For the gauge field in node 1, since A, B are vanishing, it is 
clear that its equations motion are trivially satisfied assuming that it vanishes. In turn, 
the equations of motion for the gauge-field in node 2 read 

^ W F (2) P = $ 1 D ^ - ^ D M + DM - D M $, $| (24) 

Thus, setting A( 2 ) = we can satisfy the above condition by taking d a $i = / _1 /' 
with / a real function, that is, we consider 



$i = f(a) (Gi + iG 2 ) , $ 2 = f(a) (G 3 + iG 4 ) (25) 
being Gi four hermitian constant matrices and / 6 I. In this language, the cartesian 



coordinates (21) are Xi = f(a) Gi. 

Since from the geometrical point of view we expect an spike with S 3 profile, we might 
have hoped that the Gi are the matrices corresponding to a fuzzy S 3 as described in 
[35| l36| 137] . However, it turns out that these matrices do not solve (except for n = 1, that 
is, Gi being the 50(4) Dirac matrices; see appendix) the BPS equations. In turn, if we 
consider the Gi to be identified with the first 4 matrices of the fuzzy S 5 as described in 
[55] we have 

[[* 4> *J],* i ] = 8/ 2 $ i (26) 

so that we are left with 

dJ±\f = V -» f = ±l (27) 
Furthermore, using the properties of the G matrices (see appendix), we can see that 

4 

8fTr J^GiGi (28) 
i=i 

It is now natural to ask to what extend is this a fuzzy S 3 as expected. Being a subset 
of the matrices of a fuzzy S* 5 , the Gi can be seen as endomorphisms of a space V whose 
dimension is written in terms of an integer n as iV = ( w+1 )( w + 2 )( w + 3 ) |3g| [35J [3gJ [^7] , As 
reviewed in the appendix, this space decomposes as the direct sum of SO (4) representations 

V = e£ =0 V (g , n _ 9) (29) 

Using the properties of the Gi matrices (see appendix), it turns out that Yl\ G\ i s a 
block diagonal matrix whose non-vanishing blocks are proportional to the identity, but with 



Tr([$ l; $ 



tr 2 
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a different proportionality constant for each irrep. of £0(4) (that is, for each V( 3)Jl _ g )} 
Then, we can write 



/ ri 1 



E^ 2 



v 



(30) 



\ 

?"2 ldim(r 2 ) 

o ••• ) 

Thus, it is natural to interpret this as a collection of stacks of M5 branes, each with radius 
r,. Then, the central charge, which reads 








i 4 r 

Z = -TrJ2G i G i d 2 x lt2 df\ 
K i=i J 



(31) 



becomes in terms of the r,'s 



g=0 



Tr 1 



(</) 



A;p2 



d 2 £i,i dr„ 



(32) 



Introducing the angular integration on an S 3 , and changing to cartesian coordinates, 
we can naturally re-write the central charge as 



16 Trl 



(<?) / A§ 



q=0 



71 k p 



(Fx 



q ■ 



(33) 



where we have taken into account the extra 1/8-7T hidden in our definition of k with respect 
to the conventions in [3]. Recalling now that in units where T2 = 1 we have T5 = 1/27T 



^ 32Tri (g) 

g=0 H 1 



(34) 



At k = 1 this should be a collection of stacks of M5 branes. It is then natural to define 
the number of branes in each stack as 



Trl 

n q = 32 - 2 



(?) 



(35) 



such that 



n „ 

Z = E n q T 5 / rf ( 

<?=0 ^ 



X n 



(36) 



becomes the energy for a collection of stacks of n q M5 branes. Also, using the formulae in 
the appendix 



16(1 - n) 

n q = 16 + — ± >- 

In + qn — q z 



(37) 
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The interpretation of the spike as a brane makes only sense in the large n limit. In that 
case, we can approximate the above expression by 



16 

n - 16 ? (38) 

9 2 + q- q - 

As a rough estimate, one can compute the average value of n q as n grows and verify 
that (n q ) — > 16. Thus, since n q < 16 Vg, in the large n limit, the vast majority of the 
representations have n q = 16. However, the significance of n q is an issue which remains to 
be clarified. 

For large k, in turn, a IIA description becomes more suitable. It is convenient to recall 
that the central charge comes from a three-dimensional action which we re-wrote, upon 
evaluation in the action, as 



AT 1 T 5 / d 2 x hl dr q r 3 q (39) 



Zj — n q rv J. 5 j lo u,, q , q 

q=0 

In particular, we stress that, after changing the integration variable to df 4 , this still carries 
a hidden factor of the 2-dimensional M-theoretic induced metric, which in this case is just 
one. However, when going to IIA, the string frame metric reads in terms of the lid metric 
as Gj^f = e~~ g^ u atrin \ Thus, this re-scaling introduces a factor of e~ . In turn, we expect 

that = A; -1 , so in IIA^] 

n „ 

ZnA = Ys n l ^ ^ / d " X l IA ( 40 ) 

which, since e 2 * T 5 = T NS5 matches the expected picture of this spike representing a 
D2/NS5 intersection. 



3.2 BPS solutions in C 2 /Z k 

We could also consider solutions where $j and both gauge fields vanish while the A, B 
fields are non- vanishing. As in the previous subsection, it is straightforward to check that 
this is a consistent truncation of the action. We expect these solutions to correspond to 
M5 branes growing in the C 2 /Zfc part of the geometry. In this case, it is easy to see that 

V b = ^Trf \AB B j - B j B A\ 2 + \B AA j - A j AB\ 2 ) (41) 

16 k 2 V / 

Thus, the action can be written as 

9 One way to see that eT = is recalling that the orbifolded angle appears in the lid metric as 
ds 2 = dtp 2 + •••. Since ip G [0,27r/A:], we can do k~ 2 dip 2 , with ip = kip € [0, 2ir] and use the standard 
reduction formulas along ip. It is then clear that the radius of the circle is k~ , which leads to e T = k . 
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5 = - ! |^ - \(AB fit - fit B A)\ 2 + |^ - \(A* AB - B AA*)\ 
J da 4k da 4 k 



2 



i r d 



(AA ] fit B - B fit A ] A) (42) 



+ 4k J daV 

where for simplicity we choose one sign when completing squares. Thus, we have the BPS 
equations 

d ^- ^-(ABB ] - B ] BA) =0 , ^--^-(A^AB-BAA^) = (43) 
da 4k y ' da 4 k ' v ' 

We can define now Ci = (A, fit). Then, the equations can be compactly written as 

^-^(QCjCj-CjCjC^O (44) 

whose solutions are well-known [21~1 122] and yield to an M2-M5 intersection whose IIA 
interpretation is a D2-D4 intersection [231 121] • Note in particular the appearance of the 
SU (2) invariance in the BPS equations of motion corresponding to the SU(2) isometry of 
the C 2 /Zfc orbifold. We would like to stress, however, that as for the 5*0(4), this symmetry 
is not present in the full bosonic potential, i. e. once the mixing of F and D terms is taken 
into account. 

Indeed, this spike a la [211 122] can be understood in a rather generic fashion. We 
first note that it comes from mixing derivative terms with the D-term potential. Thus, as 
long as we can consistently set to zero all F-terms by turning on only two fields (which 
is automatic if W is of degree 4 or higher in the fields; or if no adjoint is present in the 
two adjacent gauge nodes involved); as long as we have a 3d Chern-Simons/matter theory 
whose quiver involves two arrows between two adjacent nodes, it is always possible to find 
a spike solution along the lines of the one discussed here. A similar statement is also true 
for the fuzzy S 3 ones when two adjoints are present on a node, as some of the theories in 
[33] satisfy. 



4 Matching operators with SUGRA fluctuations 

Even though the full 5*0(4) is not present in the bosonic potential of the theory, we have 
succeeded in matching chiral operators with the expected spectrum of functions and found 
first hints of the appearance of the 50(4) at least in the BPS solutions. With these hints, 
we will assume that at least on the coherent branch, the desired 50(4) appears. It is then 



natural to work with the Xj fields in (21 ) instead of the $j fields. Then, among all possible 
operators we might consider, we can restrict ourselves to those with no index on the C 2 /Zfc 
factor; that is, operators constructed as products of only X^s. 
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4.1 SUGRA excitations 



We are interested in the spectrum of lid SUGRA fluctuations in the near-horizon limit 
of M2 branes in C 2 x C 2 /Zfc. At this point we can actually be generic and consider M2 
branes moving in a CY4 cone constructed starting from a smaller conical CY^ n by adding 
the suitable factors of C, i.e. C n x CY^- n . We should note that particular results for 
some CY^-n of the formulas presented in this subsection have been used recently in similar 
contexts in e.g. [34J. 

Given the CY^_ n property, there is a holomorphic top form ^4_ n on CY^ n globally 
well-defined. If we parametrize C n with a set of n complex coordinates Zi, we can construct 
the following holomorphic top form in the product space 



fli = dzi A • • • A dz n A fi 4 _ n (45) 

which is clearly well-defined everywhere, so that the product space is also Calabi-Yau. 

We will assume the CY^- n to be a (generically singular) cone over a real dimension 
7 — 2n base b. In turn, the C n factor is the same as IR 2n , and thus we can write it as a 
non-singular cone over S" 2 ™ -1 . Thus, we can write the metric of the CY4 as 

ds 2 = dr\ + r\ ds\ + dr\ + r 2 d£l\ n _ x (46) 

By defining 

r\ = r cos (3 , r 2 = r sin f3 (47) 
the metric becomes of the standard cone-like form 



ds 2 = dr 2 + r 2 ds 2 B , ds 2 B = dfi 2 + sin 2 rffi 2 n -i + c °s 2 P ds l ( 48 ) 

Given the cone structure and the CY4 property, we can place a stack of iV M2 branes in 
this space thus leading to an, at least, M = 2 SCFT dual to the near horizon geometrj^ 

ds 2 = ^dxl 2 + + TZ 2 ds 2 B (49) 

Among all possible lid SUGRA fluctuations, we will consider a minimally coupled scalar 
which can be thought as a metric fluctuation corresponding to a graviton polarized along 
the AdSi (see e.g. section 4 of [39J ) . The free field equation of motion reduces to 

□^5 4 0+^A0 = O; (50) 

where A is the angular laplacian on B. Let ^A = — m 2 so that m is the mass as seen 
from AdS^. Thus, we see that we need the eigenvalues of the laplacian in CY4 



10 Recall that, in order to obtain the A1IS4 x B background we need to re-define the radial coordinate 
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A(p=-E I (51) 
since m 2 lZ 2 = Ej. Then, the conformal dimension of the dual field is given by 

3 1 



A = - + -V9 + m 2 TZ 2 . (52) 
After some algebra, the laplacian in B reads 

A = ■ 2n-l a T^T, Q 9 P { Sil1 f 3 C ° S5 f 3 + -t4^ A 5 2 "" 1 0+ ~\l5 A b<P ) (53) 

sin p cos 7_ire p V / sin p cos z p 

being A;, the laplacian on b and A S 2 n -i the laplacian on the S* 2 ™ -1 . 
Let us suppose the eigenproblem in b to be known, i.e. 

A b f! = -Sjfr . (54) 

Then, we can construct the eigenfunctions as <fi = Yg 2n -i flip) i>(P), being Yg 2n -i a spherical 
harmonic of S* 2 ™ -1 with eigenvalue —1(1 + 2n — 2) provided that ip satisfies 

. ^ * 72nR dp ( sin 2 "" 1 cos 7 " 2 " fi erf) - ( /(/ + 2 "7 2) + - ^) ^ = • 

sm p cos p V /V sm /3 cos z p J 

(55) 

It is convenient to introduce u = cos 2 (3. Then, the above equation reduces to 



l(l+2n-2) £j . . 

— hi j 



u(l -u)8N) + (4 - n - 4u) d u ip - ( * + -W = . (56) 

V 1 — w w 4 / 



1 — u u 4 

4.2 The special case of / = 



For generic £i, I and n (56) is too complicated. Let us focus on the sector with I = 0, that 
is, on fluctuations which only see the CY^ n . In that case, the equation becomes much 
simpler 

u(l - u) d 2 J) + (4 - n - Au) d u ip - (±- — -W = (57) 

\ u 4 / 

The solutions come in terms of hypergeometric functions as 

fa = M |(n-3+V^+(«-3) 2 ) ^(ai, 6 1>Cl ; U ) ; (58) 

with 

ai = - (-\/9 + + - 3) 2 +n) , 6j = - (./9 + Sj+V^i + ("> ~ 3 ) 2 +«) ( 59 ) 

ci = 1 + v^/ + (n - 3) 2 ; (60) 
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and 

with 

a 2 = 



^ = u |(n-3-Vf/ + (n-3) 2 ) ^ ^ u ) 



(61) 



^(-y/9 + E I -y/S I + (n-3)* + r?) , b 2 = X - [yfi + Ej- ^/Sj + (n - 3) 2 + n) (62) 



^2 



= 1 - v^/ + (n - 3) 2 . 



(63) 



One can check that the regular solution is ip\. Furthermore, in order to have a finite 
order polynomial, we need to impose that a\ = —j with j e N, which leads to 



Ei = (2j + n+ ^/(n- 3) 2 + 5/) 2 - 9 . 
Therefore, the dimension of the corresponding dual operators is 



(64) 



(65) 



4.3 The special case with Si = and a consistency check 

We can alternatively consider fluctuations which do not see the CY±- n by concentrating 
on the sector with Si = 0. The equation becomes now 



l(l+2n-2) 



u(l-u)d 2 J + (4-n- 4«) d„V - ( \ i _ u ~ ^ = 
In this case the solutions are 



where 



^ = u n-3- V(n-3)"+i(i+2n-2) ^ ^ ? 

ai = ^ (ra - x/Q + ^z - v 7 ^ - 3) 2 + Uj + 2n - 2)) , 

h = ^(n + ^9 + ^/ - v 7 ^ - 3) 2 + /(/ + 2n - 2)) , 
d = 1 - vV - 3) 2 + /(/ + 2n - 2) ; 



and 

where now 



a 2 



= \{n- V^ + Ei + V( n ~ 3) 2 + 1(1 + 2n - 2)) , 
= ^ (n + ^9 + ^/ + v 7 ^ - 3) 2 + /(/ + 2n - 2)) , 



(66) 

(67) 

(68) 

(69) 
(70) 

(71) 
(72) 
(73) 
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a = 1 + ^{n - 3) 2 + 1(1 + 2n - 2) . (74) 
The regular solution is now ip2- Imposing again a,2 = —j we have 

Ei = foj + n + y/9 - 21 + I 2 - 6n + 2ln + n 2 ) 2 ^ - 9 . (75) 
The dimension of the corresponding dual operators is 

A = - +j + ^ + -^/9-21 + P -Qn + 2ln + n 2 ) . (76) 



We can now focus on the case of interest, namely the C 2 x C 2 /Z^ space. Let us start by 
considering the case k = 1, where there is an obvious Z 2 symmetry exchanging the two C 2 . 
Since in that case both factors are cones over S 3 , this discrete symmetry just exchanges 



the two base S . Thus, we should expect that in this case both (65) and (76) coincide 



Indeed, one can see that taking n = 2 in (76) precisely coincides with (65) upon replacing 
£/ = /(/ + 2). 

Coming back to the case of interest, we will consider that in the C 2 /Z^ orbifold is 
playing the role of the CY. Thus, since we are interested in operators in the large k limit 
which do not see the orbifolded C 2 , we should take Si = above. Thus, for those operators, 
the conformal dimensions are 

4.4 Field theory operators 

As stated, we will concentrate on the subsector of operators of the coherent branch which 
only see the C 2 not acted by the higher k orbifold. Thus, we are led to consider operators 
constructed only from $j fields in the coherent branch. As discussed, in terms of these we 
only see an explicit SU(2). In order to see the full SO (A) we need to work with the Xi. 
Motivated by the one to one correspondence with functions in the variety plus the BPS 
intersections, we will assume that, in the coherent branch, the operators of interest can be 
written as 

^...^Trn^.-I,,}^; (78) 

where the notation {• • -j-Traceiess stands for symmetrized and traceless SO (4) indices, so 
that the operator has integer spin I. Following our assumption, now also supported by the 
Hilbert series matching, that the we have that the dimension of these operators is 

then |. 

We can now use these harmonics to construct the operators 

O mh ... h =Tt% u O Ii ... Ii (79) 



17 



being 7^ the stress-energy tensor. These operators are in a / representation of SO (4) and 
have dimension 3 + 



2 ' 



More generically, we could also consider operators of the form 



O mIl ... Illj =TrT ia ,O h ... h P j (X*) (80) 
being Pj, at this point, an operator (non-chiral primary) of dimension j. Such operator 
should be an order j polynomial in X 2 . 

We would like now to find the dual gravitational modes. Since we are considering 
operators with insertions of the stress-energy tensor, we expect them to be dual to spin 2 
metric fluctuations polarized along the AdS±, that is, AdS^ gravitons. Therefore, the dual 
fields should be among the modes investigated in the previous subsection. As noted in the 
previous subsection, at higher k the modes not seeing the orbifolded part of the space will 
have Sj = 0, which leads us to 



A = 3 + j + 



I 



For j = we obtain a matching with the dimension and quantum numbers of the 



operators (79) 



For j / we will have contributions from the insertion of the Pj polynomial of di- 
mension j in X 2 . This operator is dimension j and thus gives a dimension 3 + j ' + \. We 



propose those operators to be the ones of the form (80) 
The wavefunctions for generic j become 



i/> = uS 2 F 1 (-j,3 + j + l,2 + l;u) (82) 

From here we can actually fix the polynomial Pj above, since the hypergeometric function 
becomes just a Legendre polynomial Pj. To illustrate, we can read a few operators and 
their quantum numbers 



Operator 


SO (4) 


3 


A 




4 





5 
2 


Tr T^u Xi Xj 


6 





4 


TrT^X^l-IX 2 ) 


4 


1 


7 
2 


TrVX / X J (l-|X 2 ) 


6 


1 


5 



5 Conclusions 

In this note we have concentrated on various aspects of the HVZ theory. This theory 
has as mesonic moduli space C 2 x C 2 /Z*.. This orbifold preserves M = 4 SUSY, which 
suggests that the theory should involve such SUSY. If so, an SO(4) R symmetry is expected. 
Moreover, an extra SU(2) global symmetry remanent of the broken SO (4) by the orbifold 
is expected. However, neither this global symmetry, nor the SO(4)r one are present in the 
bosonic potential of the theory. 
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We investigated the chiral operators of the theory. For the ones living in the coherent 
branch of the moduli space, we were able to find perfect matching with the KK harmonics 
from the geometry point of view. Nevertheless, at the origin of the orbifolded C 2 , an 
extra branch of dimension 0(N 2 ) for the chiral ring appears. At the same time, a small 
mismatch in the superconformal index between SUGRA and field theory has been found in 
[19]. It seems natural to expect that these two facts are connected. It would be interesting 
to investigate this further. 

Even though possible present in the computation of the abelian moduli space, the 
extra branches do not show up in the chiral ring in other examples, such as Q 1,1,1 or 
M 3 ' 2 . The meaning of such extra branches remains an important question to clarify for an 
interpretation of the HVZ theory as describing M2 branes. 

Focusing on the coherent branch, inspired by the explicit matching of chiral operators 
and KK harmonics at large k and the BPS solutions with the expectations for a C 2 x C 2 /Z^ 
moduli space, we conjectured that on this branch it is actually possible to write the chiral 
operators in a manifestly SO (A) invariant way. By focusing on certain operators involving 
insertions of the stress energy tensor together with chiral primaries which do not see the 
orbifolded part of the moduli space, we found a satisfactory match with the spin 2 metric 
fluctuations polarized along the AdS^. In particular, the R-charge assignation is consistent 
with that expected from inspection of the moduli space. 

Interestingly, we succeeded in constructing transverse M5 branes, i.e. fivebranes which 
do not wrap the M-theory circle. We believe this is the first construction in the literature 
coming from a motivated lagrangian. However, our construction raises many questions. 
First of all, it is not exactly a fuzzy S 3 as in [35j[36j[37]. Instead, it looks more like a collec- 
tion of different radii S 3 . It would be nice to clarify the properties of such construction. In 
particular, it would be interesting to compute the spectrum of linearized fluctuations to see 
wether it matches that of a 3-sphere. Also, the quantity n q should be better understood. 

It would be interesting to study possible superconformal mass- deformations of the HVZ 
theory along the lines of |22j. In that case, one would expect that the discrete set of vacua 
of such theory are very similar to the spike solutions which we have found. Since the size 
of the matrices grows very differently for the spikes a la [22] as opposed to those a la 
Castelino, Lee & Taylor, the counting in [22] might me affected (indeed, naively it looks 
it would help matching field theory with SUGRA, since the fuzzy S 3 spikes are much less 
than the other ones in the large N limit). 

Very recently, an inverse algorithm to construct dual theories for M2 branes probing 
arbitrary CI4 has been started being devised in [UH [JTJ H2J [331 E]. In particular, in [S3] , 
a plethora of theories with moduli space C 2 x C 2 /Z2 and C 4 at level k = 1 has been 
found. These theories are a bit mysterious in that they involve vanishing CS levels and 
non-standard multiplicities for the perfect matchings in the toric diagramj^] Nevertheless, 
it would be interesting to study wether in the cases where, after considering the higher Zj, 

11 Also, as already pointed out in [33] , as suggested in [43], for non-chiral theories dual to M2 probing 
C(B), the number of nodes should be 2 + dimH 2 (B), that is, 2 for B = S 7 , which might suggest that some 
of the theories in [33] cannot be interpreted as M2-brane theories. 
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orbifold, a C 2 is present in the moduli space a M5-spike with 5 3 profile similar to the one 
we have found is present. 
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A The fuzzy S* 3 a la Castelino, Lee & Taylor 

Let us start by considering the 50 (5) Clifford algebra 

{7 M > lv) = 2 <W » fi,u = l---5 (83) 

These 7 M matrices act on a 4-dimensional space V. One can construct the n-fold 
symmetrized tensor product space V = Sym 11 V. We can construct the following endomor- 
phisms of V 

G fl =(-f fl ®l®---®l+l®-f f ,®t---®l + ---) (84) 

V / Sym 

By defining G^ v = \ [G^, G u ] one can check that 

[Guv, G a p\ = 2 (s va G^p + 5^ G va — Sfta G u p — 8 v p G af ^j (85) 
and thus are the generators of 5*0(5). Furthermore 

[G^, G a ] = 2 (5 ua G M — 5^ Gjj (86) 

On the other hand, 5*0(4) can be easily embedded into 50(5) if we just remove, say, 
the G5 matrix and perform the same construction for the remaining four matrices. If 
i = 1,2, 3,4, then we can easily obtain the 50(4) algebra 

[Gij, G k i] = 2 (^5j k Gu + hi Gjk — Sik Gji — Sji G k ^j (87) 
Also, one can see that 

[G^, Gk] = 2 (djk Gi — 5ik G^j (88) 



20 



Since 5*0(4) ~ SU (2) x £77(2), the irreps are labeled by a pair of spins (ji,j r )- Then, the 
fundamental representation of £0(5) decomposes under 50(4) into (1/2,0) and (0,1/2), 
that is, V = V + + V~ . Thus, the symmetric tensor representations of 50(5) decompose 
under 50(4) as 

V = Sym(V n ) = ® n q=0 V {q , n _ q) (89) 

where V^ n _ q ) stands for a subspace with q factors of V + and n — q factors of V~ . Since 
each 7j matrix is a map from V + into V~ and vice versa, the Gi matrices are maps between 
different irreps in the sum above. 

Denoting G\ = J2i GiGi, one can easily show that 

[G tJ , G 2 k \ = (90) 

Thus, thanks to Schur's lemma, G\ is proportional to the identity in each irrep, that 
is, in each V( q>n - q y\t is then possible to show that 

4 

Y,G ( f ) G ( i C!) = (4n + 2qn-2q 2 )t {q) (91) 
i=i 

Here the (q) stands for the restriction to each one of the spaces V( q>n _ q ) labelled by q in 
the sum above. It is now easy to guess what the minimal choice (leading to the Guralnik- 
Ramgoolam 5 3 ) is: take the minimal group of g's such that the Gi close and such that 
their corresponding Gf has the same proportionality constant with the identity. It is clear 
that the minimal number of irreps is 2, so if we consider q and q + 1 we can fix q as 

71 — 1 

(An + 2qn-2q 2 ) = (4n + 2 (g + 1) n - 2 (g + l) 2 ) q = —— (92) 

which in turn requires odd n. Furthermore, then the two spaces we are signaling in the 
sum are 

K n = 1l+ + K- K = V^^y K = V^^ (93) 

In our case, we cannot restrict to this minimal case, and instead we need to consider all 
the g's. In particular, this implies that G 2 ^ 1. Nonetheless, since for each q G^ 2 = p q 1, 
it is natural to assume that each such subspace corresponds to an 5 3 with radius 

p 2 q = (4n + 2qn-2q 2 ) (94) 
Finally, it turns out that the dimension of each representation is 

Trl (g) = (n-g+l)(g + l) (95) 
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